Complete basis set limit calculations are carried out for the fcc lattices of solid neon and argon, using second-to fourth-order Møller-Plesset theory, MP2-MP4, and coupled-cluster calculations, CCSD͑T͒, to describe electron correlation within a many-body expansion of the interaction potential up to third order. A correct description of the three-body Axilrod-Teller-Muto term for the solid state is only obtained from third order on in the many-body expansion of the correlation energy, correcting the severe underestimation of long-range three-body effects at the MP2 level of theory. MP4 shows good agreement with the CCSD͑T͒ results, and the latter are in good agreement with experimental lattice constants, cohesive energies, and bulk moduli. However, with increasing pressures the convergence of the Møller-Plesset series deteriorates as the electronic band gap decreases, resulting in rather large deviations for the equation of state ͑pressure-volume dependence͒. For neon, however, the errors in the MP2 two-and three-body terms almost cancel, i.e., at a volume of V =3 cm 3 / mol the MP2 pressure is underestimated by only 1 GPa compared to the pressure of P = 251 GPa calculated at the CCSD͑T͒ level of theory. In contrast, for argon this is not the case, and at V = 5.5 cm 3 / mol the calculated MP2 pressure of 228 GPa deviates substantially from the CCSD͑T͒ result of 252 GPa.
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I. INTRODUCTION
Quantum theoretical methods for electronic-structure theory have advanced rapidly in the past 20 years. This is nicely demonstrated by the Fock-spaced coupled cluster calculations for atoms carried out in Kaldor's group, 1,2 which for ionization potentials and electron affinities reach accuracies on the order of a few millielectron volts even for the heaviest elements in the periodic table where one needs to include both relativistic and quantum electrodynamic effects. 3, 4 High accuracies are also achieved in molecular structure calculations as demonstrated recently for a set of small molecules by Helgaker et al., 5 Klopper et al., 6 or Stanton and co-workers. 7 The situation changes completely if one considers the solid state. Here, one mainly relies on densityfunctional theory, which, unlike wave-function-based methods, is difficult to be improved systematically toward the exact result. 8 However, in the last few years post-HartreeFock ͑HF͒ and Kohn-Sham methods for electron correlation based on wave-function theory were introduced in computational solid-state physics; most noteworthy are the local second-order Møller-Plesset many-body perturbation theory ͑LMP2͒ by Pisani et al., [9] [10] [11] and the random-phase approximation ͑RPA͒ by Kresse, Scuseria, and co-workers. [12] [13] [14] The former has the advantage that it is computationally affordable but is only applicable to solids with large band gaps ͑insulators͒ to ensure the convergence of the Møller-Plesset series MPn with increasing order n, 10 i.e., it cannot be used to describe small or zero band-gap materials such as metallic systems where the energy difference in the denominator of the many-body series approaches zero. The RPA avoids this but is computationally far more demanding. A completely different approach is the use of the incremental method developed by Stoll and co-workers, [15] [16] [17] [18] where the correlation energy of the solid is expanded in terms of localized orbitals at different atomic centers. 17 Stoll's method of increments, if carried out at the coupled cluster level of theory, can successfully be applied to a variety of electronic systems even for solids with small band gaps and metallic systems. [19] [20] [21] [22] [23] [24] More recent developments include explicitly correlated MP2 ͑MP2-R12 and MP2-F12͒ for infinite systems by Shiozaki and Hirata. 25 While dispersion interactions between atoms in small molecules are well understood and studied, a detailed analysis for the solid state is still missing. Especially if the solid is put under high pressure, both short-and long-range interactions become important. 26 In a previous paper we showed that the incorrect description of three-body Axilrod-Teller-Muto 27,28 type of interactions by second-order Møller-Plesset theory for electron correlation leads to significant errors for the rare gas solid-state structures. 29 The importance of such nonadditive forces is well known and has already been described in the literature for weakly interacting molecules, 30, 31 as well as for the liquid and solid state. [32] [33] [34] [35] Here we mention the work by Chałasiński and co-workers who analyzed in detail the many-body contributions in weakly interacting atoms and molecules. 30, [36] [37] [38] It is however not clear how well the Møller-Plesset expansion MPn with increasing order n converges for the solid state, as, for example, the number of three-body ͑Axilrod-Teller-Muto͒ terms in the energy decomposition increases quadratically with increasing number of atoms compared to a linear scaling for the two-body terms, and therefore three-body effects become quite important. [39] [40] [41] We point out that the convergence of the Møller-Plesset series has been studied extensively for atomic and molecular systems in the past [42] [43] [44] [45] [46] in-cluding weakly interacting systems, 30 and it is well understood that the convergence radius critically depends on the band gap ͑highest occupied molecular orbital-lowest unoccupied molecular orbital gap in atoms and molecules͒. [46] [47] [48] The rare gas solids represent ideal test cases for the performance of the Møller-Plesset series expansion, as the band gap is large and the total energy of the lattice can be easily expanded into a many-body series of the interaction potential. 41 Moreover, one can expect similar results for other weakly interacting systems found, for example, in molecular crystals. 49 We therefore investigate the convergence of the Møller-Plesset series for the fcc crystals of neon and argon up to fourth order in the electron correlation energy, and compare our results to more accurate coupled cluster calculations. It is well known that the convergence toward the basis set limit is much slower for wave-function-based methods than for density-functional theory, as it is difficult to correctly describe the electron-electron cusp. Therefore, in order to avoid basis set effects we estimated the complete basis set ͑CBS͒ limit at each level of theory. Further, the performance of the Møller-Plesset series was investigated for the equation of state ͑pressure-volume relation͒ at 0 K, as three-body interactions become very important at high pressures.
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II. COMPUTATIONAL DETAILS
The cohesive energy per atom, E coh , for the face-centeredcubic structures of solid neon and argon was obtained from a many-body expansion of the interaction potential utilizing translational symmetry,
where r 0i is the distance between the inner most ͑central͒ atom and atom i in the fcc lattice. V is the volume of the fcc unit cell with V fcc = a 3 / 4 and a being the fcc lattice constant. We truncated the series expansion at k = 3, as four-body forces are rather small around the equilibrium lattice constant, and the errors introduced by this truncation are within the errors of the other approximations applied. The cluster size N 1 for the fcc lattice was set to 60 000 atoms, sufficiently large to achieve convergence of the optimized lattice constant to 0.1 mÅ for the two-body interaction ͑the exact two-body limit is obtained from the extended Lennard-Jones form as discussed below͒. 41, 51 As the three-body term is about one order of magnitude smaller than the corresponding two-body term and decays faster with increased interatomic distances, we can restrict N 2 to N 2 = 25 000. It was pointed out before that the ͑formally exact͒ many-body expansion Eq. ͑1͒ converges fast for the rare gas crystals, even at higher pressures. 41, 50, 52 The two-body ͑E ͑2͒ ͒ and three-body ͑E ͑3͒ ͒ interaction energies in Eq. ͑1͒ for neon and argon were obtained pointwise from nonrelativistic second-͑MP2͒, third-͑MP3͒, and complete fourth-order ͑MP4͒ Møller-Plesset calculations, as well as coupled cluster calculations with single and double substitutions, CCSD, and including perturbative triples, CCSD͑T͒, 53 utilizing the frozen-core approximation by keeping only the occupied valence nsp-space active. We used a large range of atomic distances r between 1.7 and 6.0 Å ͑2.2 and 8.0 Å͒ to sample the potential-energy surfaces for the dimers and trimers ͑in equilateral triangle shape͒ of neon ͑argon͒. All-electron augmented correlation consistent augcc-pVnZ basis sets ͑with cardinal number n =2-5͒ ͑Refs. 54-57͒ were used to study the basis set convergence with increasing size, and the extrapolation scheme of Halkier et al. 58 for the electron correlation energy E c was used to obtain the complete basis set limit from the n = 4 and n = 5 basis set results, according to
We note that the HF energy E HF ͑n͒ is practically converged for n = 5 and was taken as the HF basis set limit E HF ͑CBS͒. All calculated interaction energies were corrected for basis set superposition errors ͑BSSEs͒ according to the Boys-Bernardi method, 59 E
Here, X denotes the rare gas element and G the presence of a ghost atom basis set͑s͒ at position͑s͒ otherwise occupied by atom X. In order to apply these two-body and three-body interaction energies to the solid state according to Eq. ͑1͒, we fitted E ͑2͒ ͑r͒ to an extended Lennard-Jones potential as described in detail in Ref. 41 ,
This ansatz has the advantage that the cohesive energy can be obtained analytically from the Lennard-Jones-Ingham coefficients. 41, 60 Furthermore, the fit is usually smooth up to higher derivatives in E X ͑2͒ ͑r ij ͒ for r ij Ͼ r min , and the leastsquares fits give root-mean-square errors which are as small as for the more sophisticated diatomic potential curves used to describe the whole interaction range. 61 E ͑3͒ ͑r͒ is approximated by an extended Axilrod-Teller-Muto potential that accounts for both the attraction in the overlap region and the repulsion in the long-range part,
with f = ͑1 + 3 cos i cos j cos k ͒, r g = ͑r ij r jk r ik ͒ 1/3 , and r s = r ij + r jk + r ik ͑6͒
and we have r ij Ͼ r min for each i j. The adjusted coefficients from the potential energy fits are listed in Table I . Here we note that the functional form used is an extension to the three-body potential proposed by Bruch and McGee, 62 which has been used successfully by Loubeyre for dense helium 63 as well as Freiman and Tretyak for the dense solid rare gases He, Ne, Ar, Kr, and Xe. 64 In the fit procedure we used r min = 1.7 Å for neon and 2.2 Å for argon, which assures the applicability of the potential curves up to pressures of about 200 GPa. The power expansions in both Eqs. ͑5͒ and ͑6͒ have been extended in comparison to Ref. 50 to achieve best possible fits at small interatomic distances, i.e., at high pressures. First, we fitted the long-range part of the potential curve to C 6 r −6 to correctly describe this region, then by keeping C 6 fixed we adjusted all other parameters. This gives CCSD͑T͒ C 6 parameters for neon ͑−6. 31 Note that the other C i need to describe both the short and medium to long-range part and cannot be compared to the long-range dispersion coefficients. Moreover, for the very high-pressure range ͑P Ͼ 100 GPa͒ the extended Lennard-Jones fit becomes numerically rather unstable ͑as do other functional forms because of the very large energies involved͒, and we used a different set of fit parameters for this range to describe this region more accurately. We also mention that in order to describe both the extreme short-and long-range regions correctly, one could also apply more sophisticated potential forms like the Tang-Toennies potential function, 66 used, for example, for neon and argon by Vogel and co-workers. 67, 68 However, the extended Lennard-Jones potential is computationally more efficient and is sufficient to discuss the convergence of the Møller-Plesset perturbation series here.
Spectroscopic constants for the dimeric neon and argon molecules were obtained using the numerical NumerovCooley procedure. 69, 70 Zero-point vibrational effects ͑E 0 ͒ to the cohesive energy of the fcc lattice were obtained from the Einstein approximation, 71 and anharmonicity effects are included within this approximation using perturbation theory as described in detail in Refs. 41 and 72.
III. RESULTS AND DISCUSSION
A. Two-body interactions
The diatomic potential curves are shown in Fig. 1 and the spectroscopic constants obtained from these curves are listed in Table II . Figure 1 illustrates that for the rare gas dimers only MP4 closely resembles the CCSD͑T͒ results, MP2 underestimates the binding energy for Ne 2 and overestimates it for Ar 2 ͑see also discussion in Ref. 77͒. The perturbative triple contributions in the coupled cluster procedure are important and should not be neglected. This is also reflected in the spectroscopic constants. At the CCSD͑T͒ level of theory the spectroscopic constants are in good agreement with experimental results, despite the fact that, for example, relativistic effects are neglected for argon. Note that the experimental harmonic frequencies and anharmonicity constants carry large uncertainties, as only very few vibrational levels fit into these potential-energy curves. Regarding the hard-sphere radius r c , defined as the onset of the repulsive wall between two atoms, for Ne 2 the MP2 value is too large by about 0.10 Å, and for Ar 2 it is too small by about 0.04 Å compared to our CCSD͑T͒ result. This implies that the repulsion is overestimated for neon as the repulsive region is entered at too large interatomic distances but underestimated for argon, which, as we shall see, has important consequences for the accurate determination of the pressure-volume relation in the condensed state. We note that our CCSD͑T͒ results are in good agreement with the most precise relativistic coupled cluster calculations for the neon and argon dimers by Vogel and co-workers, who obtained equilibrium bond distances of 3.089 Å for Ne 2 and 3.762 Å for Ar 2 , and hard sphere radii of 2.761 Å and 3.357 Å, respectively.
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B. Three-body interactions
The three-body potential curves for Ne 3 and Ar 3 , for ideal D 3h symmetry trimers ͑equilateral triangle͒, are shown in Fig. 2 . Similar to HF, MP2 cannot describe the correct longrange Axilrod-Teller-Muto behavior. In fact, the energy at the maximum of the three-body potential curve is underestimated by more than two orders of magnitude for neon and one order of magnitude for argon. This is reflected in the MP2 values of the long-range three-body coefficients C AT , which are far too small compared to the CCSD͑T͒ result, as pointed out before. 29 At the CCSD͑T͒ level of theory the C AT coefficients are in rather good agreement with the estimated values by Barker, 65 their values being C AT = 12.0 a.u for neon and 517.3 a.u. ͑our results converted to atomic units are 12.6 and 531.1, respectively͒. Our values also compare well with more recent data by Kumar and Thakkar ͑11.92 a.u. and 519.0 a.u. for Ne and Ar, respectively͒. 31 A significant improvement toward the more accurate coupled-cluster results is obtained when using MP3. Here, we note that the three-body Axilrod-Teller-Muto term arises from the coupling of all three pair interactions ͑triple dipole term͒ in a perturbation series with a zero-order Hamiltonian that consists of the exact spectrum of the three noninteracting atoms. 78 Although the Møller-Plesset series starts differently from the Hartree-Fock operator as the zero-order Hamil- tonian, it is clear that the long-range behavior is dominated by electron correlation, and the Axilrod-Teller-Muto term can only be described satisfactorily by third-order Møller-Plesset theory, which couples all double substitutions. 79 This was correctly pointed out by Chałasiński and co-workers who gave a detailed analysis of weak interactions in terms of both the order in the Møller-Plesset expansion and the interaction potential. 80 In fact, Chałasiński et al. pointed out that the n-body dispersion nonadditivity appears no sooner than in the nth order in the Rayleigh-Schrödinger perturbation expansion of the correlation energy. 30, 81 Nevertheless, Fig. 2 shows that it is by far more difficult to describe the repulsive part of the three-body interaction correctly, and even the MP4 curves deviate significantly from CCSD͑T͒ for both neon and argon, and perhaps higher order coupled cluster calculations are also required to obtain more accurate results in this region, as, for example, done recently by Vogel and co-workers. 67, 68 Moreover, as the slopes of the three-body curves are quite different in the attractive region, with MP2 mostly affected by this, we expect larger deviations in the high-pressure range ͑strong overlap region͒ for the equation of state ͑pressure-volume relation͒.
To illustrate the importance of correcting for the BSSE in the three-body potential, we show the uncorrected curves in Fig. 3 for various aug-ccPVnZ basis sets. For several basis sets, we obtain an erratic functional behavior for E ͑3͒ ͑r͒, not seen in the BSSE-corrected potentials. Moreover, if not corrected for BSSE the smaller basis sets can overestimate longrange interactions by orders of magnitude. Hence, the BSSE becomes crucially important for the three-body term, even more so than for the two-body interaction.
C. Solid-state calculations
The results of our solid-state calculations are summarized in Table III . The CCSD͑T͒ results are in very good agreement with the experimental values if zero-point vibrational effects are included in the lattice optimization. Such effects become quite important for both neon and argon, i.e., without the inclusion of zero-point vibrational effects one cannot accurately reproduce the experimental values for these solidstate properties. We note that the anharmonic contribution to the cohesive energy of neon at the CCSD͑T͒ optimized lattice constant is −4.8 cm −1 compared to the much larger harmonic term of −48.1 cm −1 . The latter in turn is much larger than the three-body contribution to the cohesive energy of −5.8 cm −1 ͑the two-body contribution is 215.7 cm −1 ͒. The CCSD͑T͒ bulk modulus for neon is in excellent agreement with experiment. Here, we note that even the anharmonic vibrational contributions become important, i.e., at the optimized CCSD͑T͒ lattice constant we obtain from the twobody term B = 6.1 kbar; including the three-body contribution adds ⌬B = 0.4 kbar, the contribution from the harmonic zero-point vibrations is ⌬B = 4.0 kbar, and the anharmonic corrections to the zero-point vibrational term add another ⌬B = 0.5 kbar. Equally large vibrational effects are calculated for argon.
As noted earlier, MP2 overestimates the binding strength for argon but underestimates it for neon. This is partially compensated at the MP3 level of theory but only MP4 gives results comparable with experimental data or CCSD͑T͒. The convergence behavior of the Møller-Plesset series in the twobody lattice constants a, cohesive energies E coh , and bulk moduli B for both neon and argon is reflected in the convergence behavior of the corresponding dimer bond distances r e , binding energies D e , and vibrational frequencies e ͑the lat- ter through B ϰ e 2 / r e ͒. These relationships can be derived from ideal Lennard-Jones type of interactions and were discussed in detail in Ref. 41 . The non-negligible three-body effects and zero-point vibrational corrections for the bulk properties significantly change these values but do not change the overall trend in the MPn convergence with increasing n, which is obviously dominated by the two-body part.
We briefly discuss four-body effects, which are not included here as they are expected to be one order of magnitude smaller than the three-body contributions at normal pressure. 81 Rościszewski et al. estimated four-body effects for the rare gas solids using an incremental scheme for electron correlation. 40 For neon these effects are rather small, i.e., the lattice constant is increased by only 0.001 Å, the cohesive energy increases by 0.7 cm −1 and there is basically no change in the bulk modulus. 40 However, for argon fourbody terms in the interaction potential are slightly more important. Here, the lattice constant is increased by only 0.002 Å, the cohesive energy by 5.5 cm −1 and the bulk modulus is decreased by 0.5 kbar. 40 Nevertheless, these effects are within all other errors in our approximations applied, and therefore the neglect of higher order terms in the interaction potential is justified.
D. Møller-Plesset convergence at high pressures
For neon and argon the pressure-volume curves at different temperatures are well known experimentally up to relatively high pressures, 81,88-94 and will not be discussed here ͑for neon a detailed discussion has been provided in Ref. 50͒ . Here, we concentrate on the performance of the Møller-Plesset perturbation series as compared to the more accurate coupled cluster results.
It is well known that the MPn series starts to diverge with decreasing electronic band gap. Figure 4 shows the electronic 1 ⌺ g + → 3 ⌺ u + transition energy with varying bond distance for the neon and argon dimers. As the dimers interact only weakly, the CCSD͑T͒ results for the singlet-triplet gaps at the respective equilibrium distances of the neon ͑16.79 eV͒ and argon dimers ͑11.60 eV͒ are not too different from the 1 S 0 → 3 P 2 transitions of atomic neon ͓our CCSD͑T͒ value 16.55 eV; exp. 16.62 eV ͑Ref. 95͔͒ and argon ͓CCSD͑T͒ 11.45 eV; exp. 11.55 eV ͑Ref. 95͔͒. In fact, this slight increase compared to the atomic values is caused by the perturbative triple corrections in the coupled cluster procedure and might disappear if such contributions are treated variationally. Nevertheless, at smaller distances the gap between the antibonding occupied np and the bonding unoccupied ͑n +1͒s orbitals becomes smaller with decreasing interatomic distance. Another important fact is that the Møller-Plesset curves follow closely the CCSD͑T͒ results down to shorter bond distances ͓the MP3 and MP4 curves follow closely the CCSD͑T͒ curve shown in Fig. 4͔ . At very short distances, i.e., around 1.01 Å for neon and 1.42 Å for argon, the triplet state falls below the singlet state, i.e., there is a curve crossing between the two states in the repulsive region. However, such small distances in solid neon and argon translate into volumes of 0.43 cm 3 / mol for Ne and 1.21 cm 3 / mol for Ar, and therefore into extremely high pressures beyond the terapascal range. Even though the closure of the band gap in the solid state is expected to occur at larger internuclear distances when compared to the dimer, we do not expect observation of the band gap closure within a pressure range accessible in laboratory experiments. For example, the band-gap closure in solid helium is expected at around 26 TPa. 96 Only for dense helium at temperatures of 60 000 K conductivity has been observed recently using laser-driven shock wave techniques in a diamond-anvil cell. 97 The optical spectra for neon and argon at high pressures are not known, and a metallic phase transition has yet to be observed for neon and argon at low temperatures. For xenon the gap is small enough for the metallic phase transition to be observed at pressures of 150 GPa. 98 Nevertheless, preliminary gradient-corrected density-functional calculations show that the single-particle gap for solid argon closes at a nearest-neighbor distance of 2.15 Å ͑volume density 4.25 cm 3 / mol͒, as expected larger than the calculated dimer distance for singlet-triplet gap closure. We mention that the experimentally determined band gap in solid neon at normal pressure is surprisingly high at 21.69 eV, 99, 100 and that of solid argon is 14.3 eV. 101 Both values are in fact close to the experimental atomic ionization potentials for neon ͑21.56 eV͒ and argon ͑15.76 eV͒, 95 which suggests that the band gap for the solids may require some reevaluation.
As the rare gas solids are wide-gap insulators up to high pressures, we expect that neon and argon are well described by Møller-Plesset perturbation theory up to pressures accessible in the laboratory ͑i.e., to about 250 GPa͒. This is indeed the case as depicted in Fig. 5, i. e., the deviation of the calculated MP4 pressure from CCSD͑T͒ results is rather small up to relatively small volumes ͑high pressures of P Ϸ 100 GPa͒. However, it is also clear that the deviations of the MPn series from the CCSD͑T͒ calculated pressures become larger with decreasing volume ͑increasing pressure͒, and at very small volumes we see that the MPn series starts to diverge. We note however, that even under huge compression the MP2 pressure deviates by less than 10% from the CCSD͑T͒ result for both neon and argon. It is also evident that neon and argon show quite different behavior in the pressure deviations, which we analyze in more detail.
At a volume of V =3 cm 3 / mol for neon, the MP2 result for the solid underestimates the CCSD͑T͒ calculated total pressure ͑approximately 251 GPa͒ by only 1 GPa, whereas the deviations are much larger for argon in that pressure range ͓⌬P = 24 GPa between MP2 and CCSD͑T͒ at P CCSD͑T͒ = 252 GPa and V CCSD͑T͒ = 5.5 cm 3 / mol͔. This is due to a fortuitous error cancellation for neon between the two-body and three-body contributions to the total pressure as shown in Fig. 6 . At V =3 cm 3 / mol the MP2 two-body term overestimates the pressure by 5.8 GPa compared to the CCSD͑T͒ result but underestimates it by 6.8 GPa in the three-body term. These cancellation effects ͑different signs of ⌬P = P CCSD͑T͒ − P MPn ͒ for the two-body compared to the three-body term are seen at all levels of theory.
As pointed out above, for neon both the repulsive region in the two-body term and the attractive region in the threebody term are entered at too large interatomic distances, leading to overestimated pressures in the two-body and underestimated pressures in the three-body term. At small volumes, the interplay of these effects leads to the nonmonotonous behavior of ⌬P as seen in Fig. 5 . Such cancellation effects do not occur for argon, where, for example, attractive interactions are underestimated in the two-body term at the MP2 level of theory, and the onset of the repulsive region appears at a smaller internuclear distance compared to CCSD͑T͒. Thus, errors in the two-body and three-body contribution to the total pressure are of the same sign; this holds for all MPn levels of theory for argon.
IV. CONCLUSIONS
We demonstrated that within the Møller-Plesset perturbation series describing electron correlation, only MP4 gives results for solid neon and argon in good agreement with experiment. Deviations from experimental values can be traced back mainly to deficiencies in the two-body term, and at the MP2 level of theory in the underestimation of the repulsive Axilrod-Teller-Muto three-body term. At the CCSD͑T͒ level of theory the lattice constants, cohesive energies and bulk moduli are in good agreement with experiment. Further improvements require a better two-body term, for example, by including relativistic effects and going beyond the CCSD͑T͒ level of theory ͑see Refs. 67 and 68͒, a full threedimensional fit for the three-body term ͑see, for example, Refs. 102 and 103͒, and consideration of the four-body term. Moreover, we showed that the MPn convergence deteriorates at very high pressures as one expects. Thus, the application of second-order Møller-Plesset theory to study insulators, especially under very high pressure, has to be taken with some care. 
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